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Introduction

Let (X,T) be a topological space, and Int(—) and Cl(—) be the usual interior and closure operators.
Stone in [7] calls a subset A of X which satisfies A = Int(C l(A)) a regular open set. The collection of all
regular open subsets of X forms a basis for a topology 7, on X coarser than t. The pair (X, 7y) is called the
semiregularization of (X, 7). In 1968, Velicko [8] defines the concept § —open and shows that the collection
of alld — open subsets of a topological space (X, 7) form topology on X, written t5. Further, he shows
that T, = 75 and 75 € 7. Hdeib [2] introduces w — closed sets and w — open sets, see Definition 1.3. The
collection of all w — open subsets of X denoted by 7¢ is a topology on X, which is finer than 7. Halgwrd M.
Darwesh [3] defines and studies a new type of sets called ws — open set. The wgs — open set is coarser than
w — open set and it is independent of the concept of openness. Throughout this paper, the space (R, ) is
Euclidean space on R, (R, T¢oc) is co — countable topology on R and 74 is the discrete space.

Preliminaries

This section is devoted to provide the basic definitions and the most important results concerning w —
open set in topological space and mention some properties and characterizations needed in this work.
Definition 2.1. [8] A subset G of a space X is called § — open if for each x € G, there exists an open set U
containing x such that IntClU € G. For a subset A of a space X, the Ints(A), Cls(A) will be denoted
the § — interior and § — closure of 4, respectively.

Definition 2.2. [3] A subset U of a space X is called ws — open set if for each x € U, there exists an open
set G containing x such that G — IntgU is countable. The complement of wgs — open set is called wgs —
closed sets. The family of all ws — open (resp., ws — closed) subsets of a space X are denoted by wg0 (X)
(resp., wsC(X)).

Definition 2.3. [3] A function f : (X,7) = (Y, 0) is said to be an wg — continuous function if the inverse
image of each open subset of Y is an wg-open subset of X.
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Definition 2.4. [2] A subset U of a space X is called w — open set if for each x € U, there exists an open
set G containing x such that G — U is countable.

Definition 2.5. [2] A space X is said to be w — Ty (resp. w — T,) if for each pair of distinct points X and y of
X, there exist w — open sets U and V containing x and y, respectively such that y € U and x € V (resp.
unv=09).

Note that in [1], shown that every space is w — T4 space.

Definition 2.6. [6] A space X is said to be anti-locally countable if each non-empty open subset of X is
uncountable.

Theorem 2.7. [1] Let X be an anti-locally countable space. Then X is an w — T, space if and only if X is a
T, — space.

Definition 2.8. [6] A space X is said to be locally-countable if each point of X has a countable open
neighborhood.

Proposition 2.9. [3] Let (X, 7) be a topological space. Then:

1) (X, 7) is locally countable if and only if wsO(X) is a discrete topology on X.

2) (X, 7) is anti — locally countable space if and only if (X, ws0(X)) is anti — locally countable.

Theorem 2.10. [3] Let U be a subset of a space X. Then U is ws — open if and only if for each x € U, there
exists an open set G containing x and a countable set C such that (G — C) € Intg(U).

Corollary 2.11. [1] Let (X, T) be an anti-locally countable space and A be an w — open subset of X. Then for
each point x € A, there exists an open subset G of X containing x such that CIG S CIA.

Definition 2.12. [4] A space X is called semi — regular if T = 75.

Lemma 2.13. [6] If a space (X, T) is anti-locally-countable, then:

1. wClA = CIA, for every w —open subset A of X.

2. wIntA = IntA, for every w — closed subset 4 of X.

Definition 2.14. [10] A space X is said to be a Lindelof space if every open cover of X hasa countable sub-
cover.

Definition 2.15. [5] A sequence of function {f,},n = 1,2, 3, ...is said to be uniformly convergent to f for a
set E of values of x if for each € > 0, an integer N can be found such that |f, (x) — f(x)| < €, forn = N and
all x € E. A series Y. f,,(x) converges uniformly on E if the sequence {S,} of partial sums defined by

Y= fk(®) = Sp(x) converges uniformly on E.

Theorem 2.16. [10] Let f,,: (Y, ) = (R, Ty7) be continuous functions for alln € N, if f: (Y,7) = (R, ty) is a
function such that the series Y., —¢ f,, (x) is uniformly convergent to f (x). Then f is continuous.

The following definitions can be found in [9]:
Definition 2.17. A covering {By: Y € F} is said to be a refinement of a covering {A; },ep if for eachy €T,
there exists some A € A such that B, € A,.
Definition 2.18. A family {A; },ea of subsets of a space X is said to be point — finite if for each point x of X
the set {A € A: x € A, } is finite.
Definition 2.19. A family {A; },ca of subsets of a space X is said to be locally finite if for each point x of X
there exists a neighborhood Ny, of x such that the set {A € A: N, N A, # @} is finite.
Definition 2.20. A family {A; },ea of subsets of a space X is said to be discrete if for each point x of X there
exists a neighborhood Ny of x such that the set {A € A: Ny N A, # @} has at most one member.

More Properties of ws — open sets
In this section we will prove more properties of ws — open sets and we prove the relations of wg — open
sets with respect to the whole space and its subspace.

For any space X and Y € X, then (‘L’w 5)Y # (Ty)w, in general, as shown in the following example:
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Example 3.1. Consider (R, T¢oc). Then7,,, = {@,R}. LetY = Q. Then (‘rws)y = {0, Q}. Since, (Q, 7q) is
locally countable, so by Proposition 2.9, (TQ)wa = T4is in Q. Hence, (‘L’w 8)Y #* (Ty)ws-

Proposition 3.2. If Y is an open subset in (X, 7), then (‘L’w s)y < (Ty)ws-

Proof. Let A € (Tw 6)y and Y € 7. Then there is B € 7, such that A = B NY. For each x € A, there exists

an open set G in X and a countable set C such thatx € G and (G — C) S §Int(B). Sincex € (GNY) € 1y,
soGN Y —-C)=(G-C)NY < (6Int(B) NY) < Sinty(A). Hence, A € (Ty) ;-

Corollary 3.3. If Y is an open subset in (X, 7) and A € (ty), such that A € §Int(Y), then A € 7.
Theorem 3.4. LetY be a§ — open subset of X. If Ais ws — open setinY, then 4 is ws — open set in X.
Proof. Let A be an ws — open inY. Then for each x € A, there exists an open set G in Y and a countable
set C such thatx € G and (G — C) S SInty(A). Since G is open inY and Y is open in X, so G is open in X.
Since, 8Inty (A) = Sinty(A) NY = §Int(A) N §Int(Y) = §Int(A), so(G —C) € §Int(A). Thus, by
Theorem 2.10, A is wgs — openin X.

Theorem 3.5. If Y is a § — open subspace of (X, ), then (T o s)y = (Ty) wg-

Proof. Let A € (T ws)y' ThenA =B NY, for some B € 7,,, and for each x € 4, there exists an open set G

in X and a countable set C such that (G — C) S §Int(B), thenG NY isopeninY,so x € (GNY) andG N
Y-0O)=(G-0C)nY c (6Int(B) nY) = 6Int(B) N 6Int(Y) = §Int(B NY) = §Int(A) < Sinty(A),
so by Theorem 2.10, A € (Ty) ¢y-

Conversely, let A € (Ty) . Then for each x € A, there is G € Ty such that x € G and a countable set C such
that (G — C) S 8Inty(A). Since G is open in X and in view of Theorem 3.4, §Inty(A) = 6Int(A), so G —
C € 6Int(A). Hence, A €E T, 50A=(ANY) € (z wS)y' Therefore, (T wa)y = (Ty) ws-

Proposition 3.6. If Y is an ws — open subset of a spac (X, 7), then (‘L’w s)y < (Ty)ws-

Proof. LetA =B nNY, where B € 7,,. Then, for eachx € A, there are two open sets G;,G, and two
countable sets €y, C; such thatx € (Gy N Gy, (G — C;) € 8Int(B) and (G, — C;) € §Int(Y). Since U =
(GinGy)NY€ETy,x€EU andC=C;UC, is a countable set, then (U—-C)<S (G;NG,)—CCS
((G1 — C1) N (G, — C3)) € (8Int(B) N SInt(Y)) = SInt(B NY) = §Int(A) < SInty(A). So A € (Ty) -
Lemma 3.7: If a space (X, 7) is anti — locally countable, then:

1) CI(A) S wsCl(A), for every w — open subset A of X.

2) wgInt(A) < Int(A), for every w — open subset A of X.

Proof. 1) Let A be any w — open subset of X. Then, by Lemma 2.13, Cl(4A) = wCl(A). Since, wCl(A) S
wgsCl(A), so CL(A) € wsCL(A).

2) Analogous to part (1).

Corollary 3.8. Let X be an anti — locally countable space and A be an ws — open subset of a space X. Then
for each x € A, there exists an open set G containing x such that CI(G) S Cl(A).

Proof. It follows from Corollary 2.11.

Proposition 3.9. Let A be a subset of a § —open subspace (Y, 7y) of a space (X, ). Then:

1) wsCly(A) = wsCl(A) NY.

2) Ais wg — closed inY if and only if A = F N Y, for some wg — closed subset F of X.

Proposition 3.10. Let A € Y and (Y, 7y) be a subspace of (X, ). Then:

1) IfAisws —openinY andY is § — open in X, then A is ws — open in X.

2)IfAis wsg —openin X and Y is ws — open in X, then A is ws — openinY.

3)If Y is § — open in X, then A is wg — open in Y if and only if it is ws — open in X.

4) If Y is § — open, then A4 is wg — closed in Y if and only if it is ws — closed in X.

Proof.

1) Follows from Theorem 3.4.
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2) LetA,Y be wg — open subsets in X. Then by Proposition 3.6, A=ANYE (T‘DS)Y C (Ty)ws- SoA is
wg —openin.

3) Follows from part (1) and part (2).

4) Let Y be 8 — open. Then, if A is wg — closed in Yand since A = wgCly(A) = wgCI(A) N Y = wgCI(A). So
it is wg — closed inX. IfA is wg — closed inX, then wgCl(A) = A, sowsCl(A)NY=ANY =A. By
Proposition 2.58, A = wgCly(A), so by [Lemma 3.16, 3], A is wg — closed in Y.

Lemma 3.11 [9]. A closed subset of Lindelof space is Lindelof.

Proposition 3.12. For any closed subset A of a lindelof space X. If 4 is ws — open, then

A — 6Int(A) is countable set.

Proof. Since 4 is wgs — open, then there is an open set G,, and a countable set C,, such thatx € G, and (G, —
8Int(A)) € C,, for each x € A. Thus, {G,:x € A} is an open cover of 4, so by Lemma 3.11, A is lindelof
inX. So there is a countable subset Ay of A such that A € Uyea, Gx- Then( A — 8Int(A)) S Uxea,(Gx —

6Int(A)) = UxEAO(Gx - 6Int(A)) € Uxea, Cx, Which is countable. Hence, A — §Int(A) is countable.
Proposition 3.13. A closed subset of a Lindelof space X is ws — open if and only if it is w — open.

Proof. Clearly, every ws — open set is w — open, so we have only top show if A is w — open, then it is wgs —
open. For this, let A be an w — open subset of X. For each x € A, there is an open set G and a countable set C
such that G —C S A4,s0G — C — (6Int(A)) CA-— (A — 6Int(A)) = §Int(A). But From Proposition 3.12,
we have A — §Int(A) is countable. Therefore, 4 is wgs — open.

ws —T;, (i =0,1,2) spaces and some properties of ws — continuous Functions

The main purpose of this section is to define wgs—T;, (i —0,1,2) spaces, and obtain some
characterizations, properties, and relationships. We start with the following definition:
Definition 4.1. A space X is said to be
1- ws — T, space if for each pair of distinct points x and y of X, there exists an wgs — open set U containing
one of them, but not the other.
2- ws — T; space if for each pair of distinct points of X, there exist ws — open sets U and V such that x € U,
ygUandyeV,yegV.
3- ws — T, space if for each distinct points x andy of X, there exists disjoint wg — open sets U and V
containing x and 7y, respectively.
Theorem 4.2. Let f: X — Y be a bijection wg — continuous function and Y is a Ty — space. Then X is an
ws — Ty space.
Theorem 4.3. A space X is an wg — T, space if and only if wsCIl({x}) # wsCl({y}), for each pair of distinct
points x and y of X.
Lemma 4.4. Every locally countable space is wgs — T, space.
Proof. Follows from Proposition 2.9.
Definition 4.5: A function f: (X,7) = (Y,0) is called pre ws— open function if and only if f sends
wg —open sets of X into wg — open sets of Y.
Definition 4.6. A function f: (X,7) = (Y, 0) is said to be pre ws — closed if the image of each wgs — closed
set of X is wg — closed in Y.

The pre ws — open and open function are independent, as shown in the following examples:

Example 4.7. Let X = {a,b,c},7 = {@,{a},{b,c}, X} and Y = {p,q, 1},
' ={0,{r},{p,q},Y}. Then a function f: X — Y defined by f(a) = p, f(b) = q and f(c) = p is pre wg —
open function, but not open function, since f ({a}) = {p} which is not " — open set.
Example 4.8. Consider the topologies 7 ={0,A,R—A,R},A=(0,1) ando ={0,A4,{10},AU
{10}, (0,10], R} of the set of all real numbers R.

Let f: (R,7) = (R, 0) be a function given by f(x) = {x, x€eA

10, x&A
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Then f is open but not pre ws — open function.
Proposition 4.9. If f: (X,7) = (Y, 0) is an onto, open function and X is locally countable, then f is pre
wg —open.
Proposition 4.10. If f: (X,7) = (Y, 0) is an open function and Y is semi — regular space, then f is pre wg —
open.
Corollary 4.11. If f: (X,7) = (Y, 0) is an open function and Y is regular space, then f is pre ws — open.
Theorem 4.12. Every homeomorphism function maps ws — open sets onto ws — open sets.
Proof. Let f: X = Y be a homeomorphism function and let G be an ws — open subset of X. To show f(G) is
wg — open. Lety € f(G). Then there exists x € G such that f(x) = y, since f is bijective. But G is wg —
open set, so there exists an open setV such thatx € V and V — Ints(G) = C is countable. Since f(V) is
open inY, since,f is open,y € f(V) andf(C) = f(V — Int(g(G)) =f(V) - f(lnt(g(G)) =f) -
Ints(£(G)). So, f(V) — Ints(f(G)) is countable. Thus, f(G) is ws — open set.
Proposition 4.13. The property of a space being ws — T; space (i = 0,1,2) is a topological property.

From the fact that, every § — open set is wg — open set, we obtain that every § — T; space is wg —
T;, wherei =0, 1, 2.

The converse is not true in general, as shown in the following example:
Example 4.14. Let X = {a, b} and 7 = {0, {a}, X}. Then, 75 = {@, X} and by Proposition 2.9, ws0(X) =
T4is- Hence, (X, T) is wg — T;, butitis not § — T}, foreachi = 0,1, 2.
Example 4.15. Let X be uncountable set, which is equipped with the co — countable topology. Then 7, = 7,
but 7, ; = {@, X}, so (X,7) is both T; and w — T;, (i = 0, 1), butitis not ws — T;, ({ = 0,1, 2).
Lemma 4.16. Every T, space is an wg — T, space.
Proof. Letx # y in a T, — space X. Then, there are two open sets U and V such thatx € U,y €V and U N
V =0. SoIntCl(U) N IntCl(V) = @. Since x € U < IntCl(U) S 15 S 145 andy €V S IntCl(V) S 75 S
Tyg- S0 X is an ws — T space.

The converse of Lemma 4.16 is not true in general, as shown in the following example:
Example 4.17. Let X = {a, b, c} and Tt = {@,{a}, X}. Then ws0(X) = 14;s. Hence, (X, T) is wg — T, but it is
not T, — space.
Theorem 4.18. Let X be an anti — locally countable space. Then X is an ws — T, space if and only if it is
aT, — space.
Proof. Let X be an anti — locally countable wg — T, space. Then X is an w — T, space, so by Theorem 2.7, X
is a T, — space. The converse part is follows from Lemma 4.16.
Proposition 4.19. Let (X, 7) be a space. Then the following are equivalent:
1- (X, 1) is ws — Ty
2- Each subspace of (X T o 5) is a T, — space.
3- Each proper subspace of (X T o 8) is a Ty — space.
Proof.
1= 2: Let (X, 7) be an ws — Ty space. To show (Y, (‘L’ws)y) is aTy space. We take x # y in Y, then there
exists an wg — open set G in X contains one of them, but not the other, say x € G buty € G, sox € (G N
Y)e (Tws)y andy € (G NY). Hence (Y, (‘L’ws)y) is a T, — space.
2 = 3: Obvious.
3= 1: Let (Y, (‘L’wa)y) be aTy — space, for each proper subsetY in X. If X is a countable set, then by

Proposition 2.9, 7, = T4, 50 (X, 7) is an ws — T, space. Now, we suppose that X is an uncountable set.

Since Y = {x, y} is a proper subset of X, so by our hypothesis, there exists an ws — open set G in X such that
the set V = G N'Y contains x, but not y. So the set G contains x, but not y. Hence, X is an wg — T space.
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Remark 4.20. Note that in Proposition 4.19, if we replace wgs — Ty by Ty, part (3) does not imply part (1),
for example, if X = {a, b},7 = {@, X}, then (X, 7) is not T, but each nonempty proper subset of (X, 7) is Tj.
Example 4.21. Consider (R, T¢oc) is a space, which isw —T;, (i =0,1), but is notws — T;, (i = 0,1)
space.
ws — regular and ws — normal spaces

In this section, we introduce the concepts of wg — regularity, ws — normality, and we give some of their
characterizations and basic properties.
Definition 5.1. A space (X, 1) is called wgs — regular space if each ws — closed subset H of X and a point x
in X such that x € H, there exist disjoint ws — open sets U and V containing x and H, respectively.

wg — regular and semi — regular are independent, as shown in the following two examples:
Example 5.2. Consider the usual space (R, ) is semi — regular which is not ws — regular.
Example 5.3. Let X = {a, b, c}, T = {@, {a}, X}. Then (X, 7) is an wg — regular, which is not semi — regular.
Theorem 5.4. A space X is an wg — regular if and only if for each pointx € X and each wgs — open set G
containing x, there exists an wg — open set V such thatx € V € wsCL(V) € G.
From the following examples, we see that regular and wg — regular are independent:

Example 5.5. Let X = {a, b}, 7 = {@,{a}, X}. Then ws0(X) = 14s.
Hence, (X, T) is wg — regular, but not regular.
Example 5.6. Clearly (R, 2) is regular, but it is not wg — regular space.
Corollary 5.7. Every locally countable space is wg — regular.
Proof. Follows from Proposition 2.9.
Corollary 5.8. Every ws — regular wg — T; space is an wg — T, space.
Theorem 5.9. The property of being a space is wg — regular is topological property.
Theorem 5.10. Let f,,: (X,7) = (R, ) be ws — continuous functions for alln € N, if f: (X,7) = (R, A) is a
function such that the series Yp= f, (x) is uniformly convergent to f(x). Then f is wg — continuous.
Proof.
Since for eachn € N, f,: (X, 1) = (R, Ty) are wg — continuous functions, then by [Theorem 4.2, 3]
fo: (X, u)SO(X)) — (R, Ty) are continuous functions, for all n € N. So by Theorem 2.16, f: (X, (DSO(X)) -
(R, Ty) is continuous. Hence, by [Theorem 4.2, 3] f: (X, ) = (R, Ty) is wg — continuous.
Definition 5.11. A space X is said to be ws — normal space if for each pair of disjoint ws — closed sets A
and B in X, there exist disjoint wg — open sets U and VV suchthat A € Uand B € V.
Theorem 5.12. A space X is wg — normal if and only if whenever G is ws — open, A is wg — closed
and A € G, then there exists an wg — open set U withA € U € wsCL(U) € G.

Proposition 5.13. If Y is an wg — closed subset of an wg — normal space (X, T), then (Y, (‘L’w 5)y) is normal.

Theorem 5.14. Let f: (X,7) = (Y,0) be an onto wg — continuous function, which maps ws — closed sets
onto closed sets. If (X, T) is ws — normal, then Y is normal.

Proof. Let A, B be two disjoint closed subsets of Y. Since, f is wg — continuous, so f~1(4), f~1(B) are
disjoint wg — closed subsets of X. Since, X is ws — normal, then there are disjoint wg — open sets U and V
in X such that f~1(4) € U and f~1(B) € V. By hypothesis, we have f(X — U) and f(X — V) are closed
sets inY, soU' =Y —-f(X—-U),V' =Y — f(X —V) are open sets inX. Since, X —U)U X —-V) =X,
sof X—U)Uuf(X—-V)=Y. Thus, U' NV’ = @. Now, ify € A,
thenfY({yHcf A cUsof {yH)Nn(X—-U)=0. That is,y & f(X —U). Therefore,y €Y —
f(X—=U)=U'".Thus A € U'. Similarly, B € V'. Hence, Y is normal space.

Theorem 5.15. For any space X, the following statements are equivalent:

1) X is wg — normal.

2) For each nonempty wgs — closed subset A and wgs — open subset B of X such that A € B, there exists an
wg — continuous function f: X — I such that f (4) = {0} and f(X — B) = {1}, where I = [0,1].
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3) For each pair of nonempty disjoint ws — closed subsets F and H of X, there exists an wgs — continuous
function f: X — I such that f(F) = {0} and f(H) = {1},

Proof.

1 = 2: Suppose that B is wg — closed subset of an ws — normal space X, which containing a nonempty

wg — closed A of X. Then, by Theorem 5.12, there exists an ws — open set, which we denoted by U: such
2

that A € U1 € wsCl (Ul) C B. Then, U1 and B are wg — open subsets of X containing the wgs — closed
2 2 2

sets A and wgCl (Ul), respectively. In the same way, there exist an wg — open sets, say U: and Us such
2 4 4

that A € U1 € wsCl (Ul) C U: and wsCl (Ul) C Us € wsCl (U;) C B. By containing this process, for
4 4 2 2 4 4

each rational numbers in the open interval (0,1) of the formA = ™ \where n = 1,2,.. andm =

2m
1,2,...,2" 1, we obtain ws — open sets of the form U, such that for each t < A, then A € U; € wsCl(U,) S
U, € wsCl(Uy). We denote the set of all such rational numbers by ¥, and define
f:X — I as follows:

1 ifxEX—B
fG) = {inf{l:l €Y and x € Uy}
f(X —B) ={1}, and if x € A, thenx € U, for all 1 € 1. Therefore, by definition of f, we have f(x) =
inf(y) = 0. Hence, f(B) = {0} and f(x) € I, for allx € X. To show f is an ws — continuous function.
Since, the intervals of the form[0, a) and (b, 1], where a, b € (0,1) form an open subbase of the space I.
If x € Uj, for some A < a, then f(x) =inf{t:t €Y, forallx €U} =r <A1<a. Thus,0 < f(x) < a.
If f(x) =0, then x € Uy, for all A € Y. Hence, x € U,, for some A < a. If 0 < f(x) < a, by definition of f,
we have f(x) = {t:t €Y and x € U;} < a, since, a < 1. Thus, f(x) = A, for some 1 < a and hence x €
U,, for some A < a. Therefore, we conclude that 0 < f(x) < a if and only if x € U, for some 1 < a.
Hence, f71([0,a)) =U {Uj: 1 € Y and x € U,}, which is an ws — open subset of X. Also, we assert that,
0<f(x)<b if and only ifx € Uy, for allA>b. Letx € X such that0 < f(x) < b. It is evident
that f(x) < A, for all A > b, which implies thatx € U,, for all A > b. For the converse, let x € U, for
allA > b. Then f(x) < A, for all A > b. Thus f(x) < b and from definition of f that f(x) = 0. This prove
our assertion.
Since, for all A > b, there isr € 1 such that A > r > b. Then, wsCl(U,) € U,;. Consequently, we have
N{Uy:A € Y and A > b} =N {wsCL(U,):T € Y and r > b}. Therefore, f~1([0,b]) = {x:0 < f(x) < b} =
N{Up:A €Y and A > b} =N {wsCl(U,):r €Y andr > b}. Since, f~1([b,1]) = f~1UI - [0,b]) = X —
£71([0,b]) =U {X — wsCl(U,):T € Y and r > b}, which is an ws — open. Thus, f is an ws — continuous
function.
2 = 3: Clear.
3 = 1: Let A and B be two disjoint wg — closed subsets of X. Then by hypothesis, there exists an wgs —

continuous function f: X — I such that f(A) = {0} and f(B) = {1}. Then the disjoint open sets [02—1)
and (%, 1] in I containing f(A4) and f(B), respectively. The ws — continuity of f gives that f~1 ( %))

and f~1 ((%,1]) are disjoint wg — open sets in X containing A and B, respectively. Hence, X is wg —

normal.
Corollary 5.16. Every ws — normal ws — T; space is wg — regular.
The normality and ws — normality are independent as shown in the following examples:
Example 5.17. Consider R with the usual topology. Then (R, ) is normal space, whenever it is not wg —
normal, since (R, ) is ws — T; but not ws — regular.
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Example 5.18. LetX = {a,b,c} andt = {0, {a},{a, b},{a,c},X}. Then (X,7) is ws — normal, but not
normal space because there is no disjoint open sets, which containing disjoint closed sets {b} and {c},
respectively.
Theorem 5.19. A space X is wg — normal if and only if for every continuous function f: (F, ws0(X)r) =
([a, b], T[a’b]), where F is an wg — closed subset of X can be extended to an wg — continuous function.
Definition 5.20. A family {4,: A € A} of subsets of a space (X, 7) is called wg — locally finite if for each x €
X, there exists an wg — open set G containing x such that {A € A: G N A, # @} is finite.
Definition 5.21. A family {A;: 1 € A} of subsets of a space (X, 7) is called wg — discrete if for each x € X,
there is an ws — open set G containing x such that {4 € A: G N A; # @} has at most one member.

The wg — locally finite and locally finite are independent in general, as shown in the following two
examples:
Example 5.22. Consider the set N of natural number with indiscrete topology. Then the family {{n}: neN }
is wg — locally finite, but not locally finite.
Example 5.23. Consider the space (R, T¢oc), then the set A = {{n}:n EZ } is locally finite, but not wg —
locally finite.
Proposition 5.24. If {A;: A € A} is an ws — locally finite family of subsets of X, then {wsCl(4;): A € A} is
also wg — locally finite and wsCI(U {A3: A € A}) =U {wsCL(A}): A € A}.
Proof. Let x € X. Since, {4,: 1 € A} is wg — locally finite, so there exists an wg — open set G containing x
such that the set {1 € A: G N A; # @} is finite. Since, G N A3 = @ if and only if G N wsCL(A;) = @, s0{A €
A:G N wgCL(Ay) # @} is finite. Hence, {wsCL(A;): 1 € A} is wg — locally finite. Since,U {wsCI(A;): 1 €
A} € wsCl(U {A3: 2 € A}). To prove wsCL(U {A,: 1 € A}) CU {wsClL(A}): 1 € A}.
Let x €U {wsCL(A;): A € A}. Since by what we have proved above {wsCL(A4;): X € A} is wg — locally finite,
so there exist an wg — open set U containing x such that Ag = {A € A: U N wsCl(A,) # @} is finite. SetV =
Un(N{X—wsCl(A}): 1 € Ay}) is ws — open subsets of X containing x such thatV N (U {4,: 1 € A}) =U
{VNnAy;: 1€ A} = 0. Thus, x € wsCL(U {A;: 2 € A}). Thus, wsCL(U {A;: 1 € A}) CU {wsCL(Ay): A € A}
Therefore, wsCL(U {A;: 1 € A}) =U {wsCI(Ay): 1 € A}.
Definition 5.25. An ws — open covering {U;: A € A} of a space X is said to be wg — shrinkable, if there
exists an wg — open covering {V;3: A € A} of X such that wsCL(V;) € Uy, for each 1 € A.
Theorem 5.26. Let X be a space. Then the following statements are equivalent:
1) X is ws — normal.
2) Each point finite ws — open covering of X is wg — shrinkable.
3) Each finite ws — open covering of X has an wg — locally finite ws — closed refinement.
Proof.
1 = 2: Let {U;: A2 € A} be a point finite ws — open covering of an ws — normal space X. Assume that A is
well — ordered. We shall construct the ws — shrinking to {U;: 2 € A} by transfinite induction. For this, let u
be an element of A and suppose that for each A < u, we have an wg — open set V; such that wsCL(V;) € Uy
and for eachv <y, [U{V: 1 < v}]U [U{U;: 21 = v}] = X. Letx € X. Since, {U;: A € A} is point finite, so
there is a largest element, say £ € A such thatx € Ug. If § > p, thenx €U {Uj: A = pu}. However, if & < p,
then x € [U {V3:1 < p}]. Hence, [U {V): 1 < pu}] U [U {U;: 1 = pu}] = X. Thus, U, contains the complement
of an ws — open set [U {V;: A < u}] U [U {U;: 2 > u}]. Since, X is an wg — normal space, so by Theorem
5.12, there exist an ws — open set, sayV, such that (X —[U{Vp:A<p}Juu{Up:A>p}) EV, €
w(;Cl(Vﬂ) C U,. Hence, [U{V;:A2 < p}] U [U{Us:A2 = p}] = X. Thus, the construction of ws — shrinking
of {Uj: 1 € A} is completed by transfinite induction.
2 = 3: Obvious.
3 = 1: Let X be a space which satisfies condition (3), let U and V be two ws — open subsets of X such
that UUV = X. Then{U,V} is a finite ws — open covering of X. Then by hypothesis, this covering has
wg — locally finite wg — closed refinement, say 1. Let F and H be the union of these members of 1) which is
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contained in U andV, respectively. Then by Proposition 5.24, F and H are ws — closed subsets of X.
Since, 1 is a cover of X, so X is ws — normal space.

Theorem 5.27. Let {G;: A € A} be an wg — locally finite family of an ws — open sets of an wg — normal
space X, and let {E;: A € A} be a family of wg — closed sets such that E; € G, for each 2 € A. Then there
exists a family {V3: X € A} of ws — open sets such that E; € V3 € wsCl(V,) € G,, for each A € A and the
families {E;: A € A} and {wgCL(V3): A € A} are similar.
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